1.7. Convex Sets 7

Definition 1.6. A point X is an extreme point of a convex set C if there exist no two distinct points
x1 and X5 € C such that x = Ax; + (1 — \)x2 for some A € (0, 1).

Geometrically, extreme points are just the corner points of C'.

Ezample 1.2. R™ is convex. Let W be a subspace of R™ and x1, %3 € W. Thus any linear combination
of x; and x is also in W, in particular the linear combination Ax; + (1 - X)xg € W for A € [0,1].
This shows that W is convex.

Ezample 1.3. The n dimensional open ball centered at xo with radius r is defined as
Br(x0) = {x| |x — xo| < 7}.

The n dimensional closed ball centered at xo with radius r is defined as
B, (o) = {x | Ix — xol <7}.

Both the open ball and the closed ball are convex. We prove it for the open ball. Let x;, %3 € B(xo)
and A € [0,1]. Then '

|(Ax1 + (1 — A)x2) — xo| = [A(x1 — Xo) + (1 — A) (32 — o)
< Alx1 = xo| + (1 = A)lx2 — o
<Ar+(1-=XNr=r.
4
Let S be a subset of R™. A point x is a boundary point of S if every open ball centered at x

contains both a point in S and a point in R™ — S. Note that a boundary point can either be in S or
not in S. The set of all boundary points of S, denoted by 85, is the boundary of S. A set S is closed
if S Cc S. A set S is open if its complement R™ — S is closed. Note that a set that is not closed
is mot necessarily open; and a set that is not open is not necessarily closed. There are sets that are
neither open nor closed. The closure of a set S is the set S = SUOS. The interior of a set S is the
set S° = S — 9S. A set S is closed if and only if S = S. A set S is open if and only if S = S5°.

Ezample 1.4. R™ is both open and closed. The empty set () is both open and closed.
Ezample 1.5. The hyperplane P = {x | ¢Tx = z} is closed in R™. In fact we will show that P C 9P.

Without loss of generality we may assume |c| = 1. Let x € P and B,.(x) is an open ball centered at
x with radius 7. Since x € B,(x) it remains to show that B,(x) contains a point not in P. Let

+7'
=x+=c
y 2

then
t

T T
cTy=ch+§cc=z+—>z.

Hence y ¢ P. But |y — x| = § therefore y € B,(x.

Ezample 1.6. The half spaces
DEOIPE =2
GPQP X;={x|cTx<z} and Xo={x|cTx>7z} Zz(;';?;

are closed in R™. In fact we have 8X; = 8X, = the hyperplane P = {x | cTx = z}. We will show
that 0X; = P, the proof for X = P is similar.
(PC8X; ) Let xe€ P. For any r > 0, let

=x+ " ¢ = "
= — =x— —cC.
I 2|c| ¥z 2|c|

We see that |x —y1| = § = |x — y2| so both y1,y2 € By(x). Moreover

T T
cTyl =ch+——cTc=7‘—i— — >
2|c| 2
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and therefore y; ¢ X;. On the other hand

T L & r
———c'c=r—=<
b'S 3] T 5 T

Ty, =c
S0 yg € X;. This shows x € 0X;.

(0X1 C P ) Suppose x ¢ P. If cTx = z; < z then let r = £5% > 0. The open ball B, (x) lies
entirely in X;. So B,(x) contains no point outside of X7, hence x ¢ 8X;. IfcTx = 2; > z then let
r:;_’?;& The open ball B,(x) lies entirely outside of X;. So B,(x) contains no point of X,
hence x ¢ 0X;. In either case c ¢ 8X;.

\_‘.’("~__ Pl —sT= . % g
Lemma 1.1. (a) All hyperplanes are conver. . 5o
T OR~UN ) T L
(b) The closed half-space {x | cTx < z} and {x | cTx > z} are convez.
Aefo]

(c) The open half-space {x | cTx < 2z} and {x | cTx > z} are convez.
(d) Any intersection of convex sets is still convez.

(e) The set of all feasible solutions to a linear programming problem is a convex set.
Proof. (a) Let X = {x | ¢Tx = 2} be our hyperplane. For all x;,x2 € X and A € [0, 1], we have
T+ (1= Nx2]=ATx1+ 1 - NeTxe =Xz + (1 - Nz =2z

Thus A\x; + (1 — A\)x2 € X. Hence X is convex.

(b) and (c) can be proved similarly by replacing the equality signs in (a) by the corresponding
inequality signs.

(d) Let C = N, Ca, where C,, are convex for all o in the index set I. Then for all x;,x; € C,
we have x1,x2 € C, for all @ € I. Hence for all A € [0, 1],

Ax1 + (1 — /\)X2 e C,

for all @ € I. Thus Ax; + (1 — A\)x2 € C, and C is convex.

(e) For any LP problem, the constraints can be written as a;x < b; or a;x = b; etc. The set
of points that satisfy any one of these constraints is thus a half space or a hyperplane. By (a), (b)
and (c), they are convex. By (d), the intersection of all these sets, which is defined to be the set of
feasible solutions, is a convex set. O

Definition 1.7. Let {z1,---2x} be a set of given points. Let

k
X = Z .Z\/L;Xi
=1

where M; > 0 for all ¢ and Zle M; = 1. Then x is called a conver combination of the points
X1,X2, ", Xk

Ezample 1.7. Consider the triangle on the plane with vertices x;, X2, x3. Then any point x in the
triangle is a convex combinations of {x1,%2,x3}. In fact, let y be the extension of the line segment
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